Abstract-We examine parallel-plate magnetic photonic crystal (MPC) waveguides comprised of a periodic loading with two anisotropic layers and one ferrite layer on each period. It is shown that, at a specific design frequency 0 , parallel-plate MPC waveguides can support a Bloch mode with zero axial group velocity similar to the "frozen mode" regime of the prototypical 1-D MPC structure. When the proposed 2-D structure is illuminated with a properly polarized time-harmonic wave, near unity power transmission (coupling) into the frozen mode occurs, and field strength within the MPC becomes orders of magnitude larger than the incident field strength. The steady-state case is evaluated using both analytical tools and finite elements, while the finite-difference time-domain method is applied to evaluate the 2-D MPC transient response.
I. INTRODUCTION
D ISPERSION-ENGINEERED metamaterials have shown great promise as building blocks for novel devices with unique electromagnetic responses. Photonic crystals (periodic structures of contrasting dielectric media) are a particular wellknown class of dispersion-engineered materials. The electromagnetic-bandgap (EBG) properties of photonic crystals can be readily explored, for example, for waveguiding and/or containment (resonator) applications [1] .
Recently, Figotin and Vitebsky [2] proposed a magnetic photonic crystal (MPC) structure that included a gyrotropic ferrite layer sandwiched between misaligned anisotropic dielectric layers. Though this periodic structure exhibited bandgap behavior, it also had a new and unique spectral feature: a stationary inflection point (SIP) within its dispersion curve. Such a SIP leads to a unidirectional Bloch mode, which propagates with vanishingly small group velocity and increasingly large amplitude [3] . This propagation regime was coined the frozen mode and has since been utilized by Mumcu et al. [4] , [5] , who sought to exploit its large amplitude growth to create highly directive miniature antennas [6] and arrays [7] . Additional relevant work on MPCs has included detailed finite-element analysis [8] and studies aimed at improving the bandwidth of the frozen mode regime using chirping of the unit cells [9] . Reference [9] also discussed other examples of devices (an isolator and long true-time delay line), which exploit the unique properties of the MPC. More recently, a sensitivity analysis of MPCs under geometric (manufacturing) perturbations and versus frequency variations has been considered in [10] and [11] . References [2] - [11] contain promising numerical results, but are limited to a 1-D "optical film" interpretation of the MPC structure and require longitudinally biasing a thin ferrite sheet, which, in practice, is difficult. This paper considers 2-D parallel-plate MPC waveguides. The bias configuration is redesigned to avoid the need to longitudinally bias a thin ferrite sheet. A modal transfer matrix formulation demonstrates that this parallel-plate structure, with appropriately chosen constitutive materials, also supports a guidedwave analogous to the 1-D frozen mode. The analysis is done via a combination of both analytical and numerical methods. The dispersion curve and design parameters are obtained using a analytical approach based on Bloch mode solutions via transfer matrices. The finite-element method (FEM) is employed to obtain the time-harmonic solution for determining the transmission coefficient from air to MPC and the amplitude growth inside the semiinfinite MPC, and for fine tuning the frozen mode bandwidth via modifications on the layer thickness. The finitedifference time-domain (FDTD) method is used to provide insights into the transient response of the structure and as a tool for a sensitivity study of the MPC response with respect to perturbations on the central frequency of excitation and to ferromagnetic losses in the ferrite layers. The combination of different methods also allows for cross-validation of the results.
II. MODAL ANALYSIS OF PARALLEL-PLATE WAVEGUIDES LOADED WITH ANISOTROPIC AND GYROTROPIC MEDIA

A. Problem Description
Consider the infinite periodic problem depicted in Fig. 1 , where two slabs of misaligned anisotropic media ( and ) are combined with a layer of gyrotropic ferrite media ( ) to form a single unit cell. The choice of the coordinate system is such that the -axis is the axis of invariance (not the direction of propagation). The dielectric layers and are biaxial crystals [12] , which are misaligned about the -axis. Their misalignment angles are equal in magnitude and opposite in direction, they are the same physical medium, but their crystal orientations yield distinct constitutive tensors in the --frame (1) . Their magnetic permeability is that of free space
The ferrite layer ( ) is biased along the -axis, yielding gyrotropic activity in the --plane. Its dielectric contrast is assumed isotropic, but not necessarily equal to free space (2) In contrast to the 1-D MPC structure, here the axis of ferrite bias and biaxial misalignment is not the axis of propagation, but instead a transverse axis. This is a key step for developing closedform modal field solutions in both media types, and is also desirable from a manufacturing standpoint. The 1-D MPC required the magnetization of a "thin plate" of ferrite with large "demagnetization factor" [13] ; the 2-D guided-wave MPC avoids this complication. Sections II-B and C will solve Maxwell's equations (3) and (4) as follows within both media:
The individual slab solutions will then be combined into a transfer matrix, which relates the fields at the "left" end of a unit cell to the fields at the "right" end of a unit cell. The Bloch mode wavenumbers supported by the infinite periodic structure can be extracted from this transfer matrix, and they will show the unique propagation characteristics of the parallel-plate loaded MPC.
B. Anisotropic Dielectric Layers
In a waveguide filled with isotropic dielectric media, the th-order modes ( --and -field components) and modes ( --and -field components) are decoupled. The introduction of anisotropic media couples these two solution types together. However, decomposition into four modes, where all fields have either or modal distribution, is still possible. In this case, each mode possesses all six field components propagating with a common wavenumber . The and components of a single mode are given by (5) as follows: (5) with and Here, is a scalar "mode weight" and is the free-space wavenumber . The remaining (transverse to ) field components for this mode are found from Maxwell's equations by differentiating and (for brevity, not performed here). The wavenumber is given by a quartic dispersion relation (6) as follows: (6) where Each of the four roots to (6) characterizes a unique mode. If the anisotropy is removed by setting , this dispersion relation recovers the isotropic case (the four modes reduce to forward/backward propagating and forward/backward propagating waves). In the most general case, the total field will be given by summing over both mode "order" and mode "index"
. Each order is a complete solution of Maxwell's equations, and can exist independently of the others; i.e., tangential field boundary conditions can be matched at each slab without resorting to coupling between modes with different , only modes with different are required. That is a small finite set and makes for a very tractable problem. It is hereon assumed that the guide is excited with only the fundamental modes so complete summation over is not necessary. Only summation over is needed to give the total fields written as (7) Similar expressions (for brevity, not supplied here) can be derived for the other tangential fields and . Given an -coordinate and set of eigenweights , (7) can be rewritten in matrix notation to determine the total tangential fields anywhere in the material slab via invertible 4 4 weight matrix as (8) or denoting the field polarization state as , (8) becomes (9) as follows: (9) Another weight matrix exists for the slab, the only difference is that uses a different set of constitutive parameters according to (1) .
C. Gyrotropic Ferrite Layer
The solution within the ferrite slab is similar; it follows by duality. An expansion into four modes is possible. The modal wavenumbers are given by the quartic dispersion relation (6) where the generating coefficients are given by
The total -and -fields are given by (11) as follows, the other fields can be found through Maxwell's equations and differentiation: (11) with Using the weight matrix notation, the tangential field state can be found at any point within the ferrite slab from the eigenmode weights by the following modal summation:
D. Bloch Mode Solution Via Transfer Matrices
The weight matrices and can be combined into a "transfer matrix," which relates tangential fields at one end of the unit cell to tangential fields at the other end. Assume a polarization state is impressed upon the structure at . The weight matrix can be inverted to find the unique eigenweights within the slab, which produce these impressed fields. These weights are then multiplied by to find the polarization state impressed at the other end of the slab at . This gives (13) This procedure can be repeated for the and slabs to find the polarization state at , as shown in (14) . The "transfer matrix" for the entire unit cell, i.e., , emerges as the product of all these weight matrices (14) where the transfer matrices for each slab are Since the MPC structure is infinite periodic (with period ), Bloch (or Floquet) theorem requires that all field components are themselves periodic with some phase shift between each unit cell. The Bloch wavenumber (15) gives this phase shift as follows: (15) Substitution of (14) into (15) and rearranging yields the familiar eigenpair statement (16) as follows: (16) i.e., the Bloch wavenumbers can be found from the eigenvalues of the transfer matrix . Since is a 4 4 matrix, it possesses four eigenvalues . Each one represents a permissible Bloch mode (17) 
E. Distinctions From the 1-D MPC Prototype
Before proceeding, it is worthwhile to step back from the analysis and provide a brief synopsis of the basic similarities and differences between the proposed structure and the 1-D MPC prototype considered in [2] and [3] .
The 1-D MPC exhibits nonreciprocity through Faraday rotation, i.e., as plane waves impinge upon the layer, they are split into circular components and phase shifted by different lags that depend upon the direction of propagation. In addition to this well-known longitudinal bias case, when the static magnetization of an unbounded ferrite medium (1-D slab) is perpendicular to the axis of propagation, there is still a straightforward solution (the medium supports a linearly polarized plane wave). This solution does exist in the ferrite layer of the parallel-plate MPC: it is the "perpendicular" mode described by Fuller [14] . It couples into the TEM solution of the layers, but the physics of this configuration is uninteresting. This mode can only exhibit a symmetric band diagram, just like a regular photonic crystal.
The 2-D MPC oblique/guided modes considered here fall into neither of these cases. In the coordinate frame of either ray of the waveguide mode, the static magnetization is applied at an arbitrary angle, and the material tensor has a complicated form [15] . Fuller provides the dispersion relation for this case, similar to (6) and (10), but solved in a ray -orthoray -coordinate system, instead of the orthobias -bias -frame used here. This configuration is rarely encountered in the literature. In fact, Fuller goes as far to remark that "there are very few, if any applications where the direction of propagation of an electromagnetic wave in a magnetised ferrite material is at an arbitrary angle to the direction of static magnetisation." Similar observations can be made about the fields within the layers. One can tell these waves are not propagating like "ordinary" and "extraordinary" rays that are encountered while analyzing the 1-D MPC because their propagation constants depend upon all three optical indices.
These differences in wave behavior make the phenomenology of the 2-D parallel-plate MPC quite distinct from the previously considered 1-D structures. However, the 2-D guided-wave MPC can still yield the most important features of the 1-D MPC, including spectral nonreciprocity [16] . In particular, with appropriately designed material parameters, construction of a Bloch dispersion, which exhibits a SIP, is still possible.
F. Frozen Mode Regime Example
Many periodic structures loaded within parallel-plate waveguides can be analyzed using the transfer matrix formulation and will yield EBG/photonic bandgap (PBG) effects. What makes the MPC unique is the interesting locus that the Bloch wavenumber traces out away from the bandgap. A 1-D MPC can be constructed such that its dispersion relation exhibits a SIP at some design frequency . At such a point, the first and second derivatives of the dispersion relation are zero, while the third derivative is strictly nonzero, shown as follows in (18): (18) A detailed treatment of the consequences of a SIP appear elsewhere [2] , [3] , but the key features are as follows.
1) Like the propagation behavior near a bandgap , the group velocity becomes vanishingly small as the SIP frequency is approached. However, power transmission is still nonzero at the SIP (no actual cutoff occurs). This indicates the existence of a guided Bloch wave mode, which propagates with an extremely small group velocity. In 1-D, this mode is coined the frozen mode.
2) The frozen mode is unidirectional. Three degenerate eigenvalues are required to construct a SIP, and only four are available from the underlying fourth degree characteristic equation. Hence, a SIP cannot appear in both branches of the band diagram (which becomes spectrally asymmetric) and only has an effect upon waves propagating in one direction. 3) As a consequence of vanishingly small group velocity and nonzero power transmission, conservation of energy requires that the frozen mode exhibits dramatic amplitude increase as . Remarkably, we show here that 2-D MPC structures described by Fig. 1 can also exhibit band diagrams with a SIP akin to the 1-D MPC case. Fig. 2 depicts such an example, whose parameters are given in (19) as follows:
Determining a set of constitutive parameters and dimensions that support a SIP is an iterative somewhat trial-and-error process. The first step is selecting an order and height such that the given mode propagates above cutoff. The optical indices, thicknesses, and misalignment angles between layers and are then picked such that a complete bandgap appears slightly above the design frequency. The thickness of the gyrotropic layer is then slowly increased from zero, which can introduce spectral nonreciprocity and a continuous deformation of the band diagram. If the curve deforms into something close to a SIP, continue tuning the dielectric misalignment angles and ferrite thickness, and a SIP can eventually be realized. If the addition of a thick ferrite does not yield anything like a SIP, start over with new optical indices and thicknesses. Since computing the band diagram by computer is fast, a designer can check many possibilities in a short turnaround time until a suitable diagram is found. The example above is of an academic nature, tuned for a SIP at 300 MHz so that all dimensions in meters are in wavelengths as well. Any structure can be scaled to arbitrary frequency, the major limitations being the availability of low-loss ferrites and anisotropic materials with large axial ratios at the frequency of interest. In the microwave regime, rutile for and yttrium-iron-garnet (YIG) for are promising choices.
Section III will investigate the properties of this specific MPC structure (19) , evaluating the claims of nonzero power transmission at the SIP and divergent energy density by examining the time-harmonic problem with a custom finite-element code. Some comparisons between the frozen mode and the more familiar bandgap Fabry-Perot modes will be made as well to illustrate why the MPC structure can be more attractive for implementing "slow-wave" devices.
III. TIME-HARMONIC MPC RESPONSE USING FEM
As presented in Section II, the 2-D parallel-plate MPC problem admits a modal solution and can be described without resorting to numerical techniques. Simulations presented here are provided to corroborate that analysis. Future investigations of derived structures that do not admit analytical solutions (nonuniformly biased ferrite layers, holes/defects in various layers, sensitivity studies) are planned. In those cases, the numerical codes developed here will be the principal investigation tools.
A. Problem Discretization
The MPC waveguide problem, which requires both -and -field components to be modeled simultaneously, is discretized over quadrilateral cells using a combination of edge elements (denoted ) for transverse fields and scalar nodal elements (denoted ) for the invariant field [17] . Either the electric field or magnetic field can be modeled (here, the magnetic field is chosen), shown as follows in (20) , such that perfect electric conductor (PEC) walls are natural boundary conditions and require no effort to implement: (20) where denotes the number of mesh nodes, denotes the number of mesh edges, and are the unknown degrees of freedom (amplitude coefficients). The testing procedure used here is the Galerkin alternative, where the testing function space (21) where represents the testing function. Upon assembly, the fully discrete FEM system is of the form (22) (22) where and are the stiffness and mass matrices, and is the forcing excitation from current sources (chosen to match the fundamental modal profile). The above linear system (22) is solved via LU factorization using the unsymmetrical multifrontal package UMFPACK [18] .
B. Power Transmission Into Semiinfinite MPC
For the slow-wave frozen mode to be of any use, it must be possible to couple power from an incident guided mode into a semiinfinite MPC structure. To simulate a semiinfinite MPC using a finite grid size, a long (100-unit cell) lossless MPC is terminated with a short (20-unit cell) matching stub of a lossy MPC. The loss tangent of the matching section is gradually tapered with a quadratic polynomial profile. The matching section does a reasonable job of suppressing reflections off the MPC truncation, although some oscillations are present in Fig. 3 . These oscillations are transmission windows of weak Fabry-Perot modes, standing wave resonances that are set up by small reflections off of the matching section. When the MPC structure is excited with a pure or incident wave, it exhibits a poor match. However, when an "elliptical" combination of these modes (a linear sum of and with specific phasor weights) is chosen, the power transmission coefficient can be nearly unity, as demonstrated in Fig. 3 . This unity transmission distinguishes the frozen mode regime from Bloch mode propagation near an EBG: both cases exhibit vanishing group velocity, but the EBG tends to reject incident power (large mismatch with ever greater reflectivity as from below), while the frozen mode regime remains well matched for frequencies below or above .
C. Amplitude Growth Within Semiinfinite MPC
Assuming no material losses, there is a fundamental relation between transferred power , energy density , and group velocity , shown as follows in (23), from energy balance arguments: (23) This is upheld by both Bloch modes near the EBG and by the frozen mode. For a typical Bloch wave, as the operating frequency approaches the band edge , both group velocity and transferred power approach zero so that (23) remains balanced. In marked contrast, as the frozen mode frequency approaches the SIP frequency , the group velocity decreases, but the power transmission remains nonzero, as shown in Fig. 3 . To balance (23), the energy density must grow large enough so that the product remains constant. Thus, close to , the energy density (and by extension, the field intensity) within the MPC can become orders of magnitude larger than that of the incident wave. Intuitively, when material losses are considered, dissipation inside the MPC will reduce below the maximum value permitted by (23) . Fig. 4 depicts this "amplitude growth" within the same matched MPC structure previously considered. The field intensity is measured at and plotted as a function of frequency and position within the MPC waveguide. As , the frozen mode of the MPC structure exhibits field intensity roughly 15 dB above the incident field level. In theory, the field strength of the frozen mode can be arbitrarily large as the SIP is tuned flatter, but, in practice, material losses and the finite size of the MPC will curtail unbounded growth (finite ). References [4] and [5] contain studies of the effects of material losses upon frozen mode field strength. 
D. Comparison Between Fabry-Perot Modes and the Frozen Mode
The frozen mode is not unique in yielding vanishingly small group velocity. As mentioned above, the nearby band edge at has the same effect, the difference being that poor power transmission coefficient near the band edge limits the ability to couple power into the waveguide. Still, if a finite structure is considered, reflections off the unmatched ends can set up standing wave Fabry-Perot modes, characterized by narrow windows of near unity transmission. Some of these windows can exist quite close to the band edge, as depicted in Fig. 5 .
At these near-band-edge Fabry-Perot windows, group velocity also becomes vanishingly small and power transmission is still nonzero, akin to the frozen mode at the SIP. From conservation of energy (23), fields within the MPC waveguide should exhibit very large intensity in this situation as well. Fig. 6 demonstrates this phenomenon, which is comparable to Fig. 4 . To push individual modes closer to the band edge, and obtain an energy density that is a even comparison to the frozen mode, the length of the structure has to be increased.
Note that such modes are possible even for a regular EBG structure, and neither anisotropy, nor gyrotropic properties are required to construct near-band-edge Fabry-Perot resonators. The question naturally arise as to why bother then with the additional complexity of the MPC structure. The answer to this question is that the frozen mode regime from an MPC exhibits a much superior (smoother and wider band) input impedance response. Although it is difficult to specify an input impedance for a structure that supports such complicated modes, consider , as follows in (24), and , as follows in (25) , just as they would be defined for waveguide filled with only isotropic media: (24) (25) where and are the typical field reflection coefficients measured in the incident field region. These can be obtained unambiguously using finite-element results. Figs. 7 and 8 depict the input impedance measured for both the frozen mode regime and the first few near-band-edge Fabry-Perot resonances, respectively.
In Fig. 8 , each Fabry-Perot mode exhibits a rapid swing in input impedance around the matched condition, while the frozen mode input impedance in Fig. 9 exhibits smoother behavior over a comparatively wider bandwidth. The frozen mode is undoubtedly a narrow band phenomenon, but this is due to the critical point nature of the SIP and not to impedance considerations. As will be shown in Section IV, this property allows for tuning the SIP (or perhaps more accurately, slightly detuning) to slow down incident waves at a wider frequency band and permit pulsed operation, as shown in Section IV. 
E. Tuning Frozen Mode Bandwidth Via Layer Thicknesses
Prior observations [3] showed that for 1-D MPCs, perturbing layer thicknesses could detune the zero-bandwidth SIP and increase its bandwidth. This idea does extend to 2-D, and varying the -layer thickness has a strong effect upon the slope of the relation, as shown in Fig. 9 . This improvement in bandwidth, however, does not come for free. Since the zero group velocity condition has been weakened, (23) indicates that smaller energy density (and field intensity) should be expected for the corresponding frozen mode. Fig. 10 depicts this tradeoff: as the SIP is detuned away from zero slope, the frozen mode response becomes wider in frequency, but weaker in intensity. Similar tradeoffs between group velocity and bandwidth were observed in previous investigations with 1-D MPCs [4] , [9] . 
IV. TRANSIENT MPC RESPONSE
A. FDTD Formulation
The transient analysis of the MPC can be done via a FDTD algorithm augmented to handle anisotropic dielectrics and gyrotropic ferromagnetic media. Here, we briefly discuss this extension. The current FDTD algorithm employs complex-frequency-shifted perfectly-matched-layer finite difference time domain (CFS-PML-FDTD). The CFS-PML-FDTD algorithm is based on and PML formulations [19] , which leads to a natural decoupling of the equations involving the complex (anisotropic and dispersive) material parameters from the FDTD update equations involving finite-difference approximations of the spatial derivatives in a complex coordinate space [20] - [22] . The latter equations are independent of material parameters and are written as (26) (27) where the modified operator is given by [20] , [22] (28)
The complex coordinates are defined through the following transformation [23] - [25] : (29) with where denotes or . In (29), is the PML conductivity profile along the -direction, . Typically, and . The parameters and are used to increase the absorption for evanescent waves if any.
Maxwell's equations (26) and (27) are discretized using central differences in space and time in a staggered grid (Yee's scheme). They are completed by a discretization of the constitutive equations. For the dielectric layers, FDTD update equations follow directly from (1) and for brevity are not included here. In our simulations, the spatial interpolation on the staggered grids is not employed because it results in late-time instabilities at the interfaces of different layers. For layers, the time-harmonic expression for in (2) is not amenable to be directly used to derive time-domain update equations. To proceed, we instead write the permeability tensor using the magnetic dipole spectral response [13] (30) where In (30), is the damping (loss) constant and , where is the gyromagnetic ratio, is the dc biasing magnetic field magnitude, and is the dc saturation magnetization. The coupled time-domain magnetic field equations are obtained by inverse Fourier transforming their frequency-domain counterparts obtained from (30). Standard central differencing are used for first-and second-order time derivatives, and central averaging for zerothorder derivatives. By solving the two resulting finite-difference equations simultaneously, explicit FDTD update equations for and can be obtained [10] .
B. Simulation of MPC Responses Under Pulsed Excitations
The transient response of the 2-D MPC structure depicted in Fig. 1 with material parameters specified by (19) is considered. In this case, MHz and MHz to match the steady-state permeability of layers at the design frequency MHz. The excitation pulse is a sine wave modulated by a Gaussian pulse with the fractional bandwidth of 0.05%. FDTD grid steps cm, cm, and a Courant factor of 0.9 are used. In the CFS-PML region, a quartic growth profile is chosen for both and , and a linear decay profile is chosen for . Moreover,
, and , as suggested in [24] , are used.
To illustrate the unidirectional property, we consider a 2-D MPC with 400-unit cells illuminated by both a forward propagating pulse ( --slab sequence) pulse and backward propagating pulse ( --slab sequence). In both cases, the pulse propagates along the -direction, but the ordering of slabs within the MPC unit cell is permuted to test both left and right sides of the dispersion curve. The forward wave encounters a SIP, while the backwards wave does not (recall Fig. 2 ). Fig. 11 shows snapshots of within the 2-D MPC for the forward propagating pulse. It is observed for this pulse that the peak electric field magnitude increases by a factor of 4.5 ( 13 dB) relative to the incident field intensity. This is comparable to the amplitude growth observed in the time-harmonic case shown in Fig. 4 . When the incident pulse enters the MPC in the forward direction, the wave is drastically slowed down and (spatially) compressed with a corresponding increase in field amplitude. However, because the group velocity changes sharply near the SIP in relative terms, the pulse propagation is also highly dispersive. The results in Fig. 11 also illustrate the spreading of the pulse due to such dispersion, as different spectral components propagate with different group velocities. Fig. 12 shows snapshots of when a wave impinges upon the --ordered MPC. This probes the left arm of the dispersion relation, which has no SIP. As expected, in this case, the pulse propagates at much faster velocity and without significant amplitude growth. The backward propagating pulse arrives at the end of the MPC at a much earlier time, and then it is reflected back towards the end of the MPC. Note that, upon reflection, the pulse encounters an --ordered MPC and then propagates at much slower speed and with the characteristic amplitude growth of the frozen mode. To estimate the "average" pulse group velocity, compute the effective rate of energy transport by measuring the times at which half of the electromagnetic energy has flowed past two observation points, at unit cell 100 and unit cell 200 (the entire structure is 400-cells long) [10] . It must be pointed out that this is a position dependent estimation and not a characteristic parameter of the MPC. Fig. 13 shows the (accumulated) energy passing by the two observation planes. By dividing the difference in elapsed time to collect half of the total energy ( s) by the distance between the two observation planes ( m), the effective rate of energy transport for the forward propagating pulse is found to be approximately (considerably slower than vacuum propagation). A similar procedure is carried out for the backward direction. The time difference to collect half the energy at the two observation points is now s, which implies an effective rate of energy transport equal to (still slower than vacuum propagation, but in this case, because the MPC is partially made of electrically dense dielectrics). This significant difference in energy transport speed with respect to propagation direction is a clear manifestation of the unidirectional nature of the SIP.
C. Sensitivity Analysis
The MPC is a tuned resonant structure and is naturally sensitive to changes in input frequency, geometry, and ferromagnetic losses. Fig. 14 examines the effect of shifting the center frequency of the incident wave upon the peak field magnitude observed inside the structure at the frozen mode. As one would expect, the amplitude growth of decreases considerably as the frequency mismatch increases. For example, for a 0.1% relative frequency shift of, the peak is reduced to approximately 54% of the frequency-matched case. It is interesting to compare the input frequency sensitivity between the frozen mode and the Fabry-Perot mode. For a 250-unit cell finite MPC, the first Fabry-Perot resonance frequency is 307.061 MHz (see Fig. 5 ) and the 0.01% shifted frequency is located at the forbidden frequency band . Therefore, the electromagnetic energy of the Fabry-Perot mode is not transferred into the MPC for this frequency mismatched case. This implies that the Fabry-Perot mode is much more sensitive to the excitation frequency than the frozen mode. Next, we perform the sensitivity analysis against the layer thickness. We intentionally perturb the layer thickness of 5% of unit cells. Since the bandwidths of the frozen mode and the Fabry-Perot mode are different from each other, we use a single frequency sine-wave excitation in order to fairly compare this geometry sensitivity between the frozen mode and Fabry-Perot mode. We evaluate the time-averaged value of spatial peak in a steady state. Fig. 15 illustrates the normalized (time averaged) against different amounts of thickness perturbation. As expected, the field amplitude decreases as the error in the layer thickness increases in both the frozen mode and Fabry-Perot mode. From Fig. 15 , it is clearly illustrated that the Fabry-Perot mode is more sensitive to the geometrical perturbations than the frozen mode. Table I explores the sensitivity of the MPC frozen response to ferromagnetic losses by recording the peak value of inside the MPC with lossless layers and compare to Fig. 16 . Peak value of jE j (relative to the incident field) observed inside an MPC loaded waveguide as a function of the total number of unit cells.
lossy layers with and , respectively. Although lossy MPCs yield lower peak field amplitudes as expected, this effect is not too detrimental and the ferromagnetic losses do not destroy the fundamental qualitative properties of the MPC response (wave slow-down and pulse compression). This is similar to what has been observed in the 1-D case [10] .
As a final sensitivity study, we consider the effect of varying the total number of unit cells upon the peak value of inside the MPC waveguide. The frozen mode is an "emergent" behavior, which depends upon the collective interaction of many unit cells, and using too few unit cells clearly invalidates the infinite periodicity assumption of Bloch/Floquet analysis. Fig. 16 quantifies how many layers are required to effectively realize the frozen-mode large-amplitude behavior. For the same MPC design in (19) , as the MPC size is increased, the peak field amplitude grows, and using beyond 75 cells has little additional effect. The overshoots near 50 cells are observed due to Fabry-Perot resonances.
V. CONCLUSION
This paper has extended the MPC concept by showing that a guided-wave mode, analogous to the 1-D "frozen mode," can exist within truncated slab structures composed of alternating layers of anisotropic dielectrics and gyrotropic ferrites. Unlike conventional EBG/PBG periodic structures, the Bloch modes of the MPC can exhibit vanishing group velocity and near-unity power transmission simultaneously. This results in superior input impedance performance over traditional near-bandgap Fabry-Perot photonic crystal resonators. In addition to analytical transfer matrix techniques, customized numerical methods (finite elements in the frequency domain and a anisotropic/gyrotropic FDTD implementation with complex frequency shifted-PML absorbers) were developed to characterize the transient and time-harmonic response of the structure. These numerical experiments confirm that the guided-wave MPC can exhibit the same key features as the 1-D optical slab MPC: a unidirectional frozen mode exists, which possesses vanishing group velocity, nonzero power transmission, and divergent energy density. Further numerical experiments were used to evaluate a candidate MPC specification, by measuring sensitivity to loss parameters, unit cell count required to realize maximum field amplitude, tunability of the SIP, and input impedance.
